We present the first analytic computation of the Detweiler-Barack-Sago gauge-invariant redshift function for a small mass in eccentric orbit around a spinning black hole. Our results give the redshift contributions that mix eccentricity and spin effects, through second order in eccentricity, second order in spin parameter, and the eight-and-a-half post-Newtonian order.
I. INTRODUCTION
The recent observation of the gravitational-wave signal emitted by a coalescing black-hole binary [1] reinforces the motivation for improving our theoretical description of the general relativistic dynamics of binary systems made of spinning bodies. Gravitational selfforce computations of gauge-invariant observables [2] [3] [4] [5] [6] provide a mine of information which has recently shown its usefulness for informing the dynamical description of comparable-mass two-body problem . Up to now, the analytic dynamical information acquired from selfforce computations has considered spin interactions and eccentric effects separately, without being able to mix them, i.e. without considering two-body interactions involving the product of powers of spin and of eccentricity.
Here, for the first time, we present an analytic computation of the self-force contribution δU to the redshift function that include some cross-talk terms between spin and eccentricity. We recall that the Detweiler-BarackSago [2, 6] (inverse) redshift function U is defined as
where all quantities refer to the perturbed spacetime metric (see Eq. (17) 
Here, m 1 , m 2 (with m 1 ≤ m 2 , and, actually, m 1 ≪ m 2 in our self-force computation) denote the masses of the binary system, while a 2 ≡ S 2 /m 2 denotes the Kerr parameter of the larger mass.
[The smaller mass m 1 is non spinning.] In addition, Ω r = 2π/T r and Ω φ = Φ/T r (where T r is the radial period and Φ the angular advance during one radial period) denote the two fundamental frequencies of the orbital motion. The self-force contribution δU is a priori defined as a function of the two m 2 -adimensionalized fundamental frequencies of the orbit m 2 Ω r , m 2 Ω φ (and of the dimensionless spin parameter, a 2 /m 2 ). It is, however, convenient to reexpress it as a function of the eccentricity e and dimensionless semilatus rectum p of the orbit, defined as e = r apo − r peri r apo + r peri ,
where p is dimensionless. We are interested here in (eccentric) bound orbits confined between a minimum radius (r peri ) and a maximum one (r apo ). As usual, it is enough to know the link between m 2 Ω r , m 2 Ω φ and e, p for the unperturbed motion, i.e. for an eccentric bound orbit in a Kerr background of mass m 2 and spin parameter a 2 . See, e.g., Ref. [28] and references therein for a general discussion, and Sec. II for explicit relations through second order in e and the dimensionless spin parameter, that we shall henceforth denote aŝ
We shall work in the following with various terms in the expansion of δU (p, e,â) in powers of e andâ: 
II. ECCENTRIC GEODESIC ORBITS IN A KERR SPACETIME
Let us consider the (unperturbed) Kerr metric
where
For ease of notation, we sometimes denote m 2 as M and a 2 as a (and, as above,â = a 2 /m 2 = a/M ). Equatorial (timelike) geodesics are solutions of the equations
with
where τ denotes the proper time parameter andẼ and L are the conserved energy and angular momentum per unit (reduced) mass.
As mentioned in the Introduction, we parametrize (unperturbed) bound orbits in terms of eccentricity e and (dimensionless) semi-latus rectum p, Eqs. (3). We will limit our considerations here to the second order approximation in both the dimensionless spin parameter a ≡ a/M and eccentricity e. In this case the functional links betweenẼ, orL, and (p, e,â), are respectively given byẼ
and
where we recall that u p ≡ 1/p. Up to order e 2 included, the motion is explicitly given by
2 ,
The dimensionless orbital frequencies of the radial and azimuthal motions are respectively given by
Finally, the (unperturbed) redshift variable U 0 = T r0 /T r0 is given by
III. HIGH PN-ORDER ANALYTICAL COMPUTATION OF THE SELF-FORCE CORRECTION TO THE AVERAGED REDSHIFT FUNCTION ALONG ECCENTRIC ORBITS
As already mentioned in the Introduction, we consider the first-order self-force correction to the Barack-Sago [6] generalization to eccentric orbits of Detweiler's [2] circular, gauge-invariant first-order self-force correction to the (inverse) redshift. We denote this gauge-invariant mea-sure of the O(m 1 /m 2 ) conservative self-force effect on eccentric orbits as δU (m 2 Ω r , m 2 Ω φ , a 2 /m 2 ) = δU (p, e,â), see Eq. (2). It is given in terms of the O(m 1 /m 2 ) metric perturbation h µν , where
µν (x α ; m 2 , a 2 ) being the Kerr metric of mass m 2 and spin m 2 a 2 ] by the following time average
Here, we have expressed δU (which is originally defined as a proper time τ average [6] ) in terms of the coordinate
of the unperturbed orbit, as is allowed in a first-order self-force quantity. In addition, U 0 denotes the propertime average of u t = dt/dτ along the unperturbed orbit, i.e., the ratio
For the present computation we follow the standard Teukolsky perturbation scheme as discussed in detail in Ref. [35] . The expansion of the Teukolsky source-terms (which originally contain δ(r − r 0 (t)) and at most two of its derivatives) in powers of e generates, at order e 2 , up to four derivatives of δ(r − m 2 /p) in the even part and up to three in the odd part. This expansion gives rise to multiperiodic coefficients in the source terms, involving the combined frequencies ω m,n = mΩ φ0 + nΩ r0 (19) with n = 0, ±1, ±2 when working as we do up to order e 2 .
Our computed quantity h uk t is regularized by subtracting its PN-analytically computed large-l limit B, whose expansion is given by [25, 29] (but with the replacement of Regge-Wheeler-Zerilli perturbation theory by Teukolsky perturbation theory as in Ref. [35] , see Appendix) we combine a standard PN expansion scheme for high values of the multipole degree l with the Mano-Suzuki-Takasugi [36, 37] hypergeometricexpansion technique for lower values of l (here it was used through the multipole order l = 5).
Our new results for the Detweiler-Barack-Sago gauge invariant redshift function along eccentric orbits in a Kerr spacetime are contained in the following two contributions to the eccentricity-spin decomposition (5) 
IV. DISCUSSION
We have improved the knowledge of the DetweilerBarack-Sago redshift invariant (for an eccentric orbit around a Kerr spacetime) by providing the first analytic computation of contributions mixing eccentricity and spin effects. More precisely, in terms of the expansion Eq. (5) (23), (24) . At this stage, we cannot meaningfully compare these analytical results to numerical self-force computations, because the only extant numerical self-force computations for eccentric motions around a Kerr black hole are the sparse data listed in Table V of a recent work by M. van de Meent and A. Shah [35] . Those numerical data concern only very high spin parameterŝ a = ±0.9, medium-size eccentricities e = 0.1, 0.2, 0.3, 0.4, and, most unfortunately, are non-horizontally sampled in p: namely, there are no data corresponding to the same values of p (or u p ) but different values ofâ and e. One cannot therefore appproximately extract from these data quantities directly related to our analytical results. [The situation was different in the case of the spin-dependence, for zero eccentricity, where we could (in Ref. [32] ) extract dynamically useful spin-dependent information from numerical self-force data (in Ref. [38] ) on δU (p, e = 0,â) computed for a few values of the spin, but (partially) horizontally sampled values of p. We think, however, that our analytical results might be useful both for checking existing Kerr self-force codes, and for allowing the extraction of further, uncomputed PN coefficients. This is why we decided to publish them.
In future work, we intend to complete our analytical work by transcribing our results within the effective onebody formalism [39] [40] [41] [42] , by using the first law of binary mechanics [9, 12, 24] . This will allow us to confer a direct dynamical significance to our results Eqs. (23), (24) . Let us consider the Kerr spacetime metric (7) with signature switched from +2 to −2, in order to apply the standard tools of the Newman-Penrose (NP) formalism. A principal NP frame (also termed Kinnersley frame) is the following
with nonvanishing spin coefficients
An alternative notation for the frame vectors is e 1 = l, e 2 = n, e 3 = m and e 4 =m. The associated frame derivatives are also denoted
The Teukolsky equation for a field of spin-weight s in its complete form is written (symbolically) as
Separation of variables
leads to the following angular (homogeneous) and radial (inhomogeneous) equations
where ξ = aω, K = (r 2 + a 2 )ω − ma and λ ≡ λ lms;ξ = E lms;ξ − s(s + 1) − 2mξ + ξ 2 , with
being
The Teukolsky radial equation has source terms which depend on the spin-weight parameter. In the case s = +2 (i.e., for ψ s=2 = ψ 0 ), we have in general
and T 11 = T ll , T 13 = T lm , T 33 = T mm are the frame components of the stress-energy tensor of the particle with 4-velocity u µ = dx µ /dτ , i.e.,
given by
Following the notation of Ref. [38] , we can write
Green's function
One computes the Green's function of the radial equation, G lm (r, r ′ ) solution of the equation
which has the form
where R in (r) and R up (r) are two independent solutions to the homogeneous radial Teukolsky equation having the correct behavior at the horizon and at infinity, respectively, and W lm is the associated (constant) Wronskian. The full Green's function then turns out to be
Source terms
By using the full Green's function one can solve the Teukolsky equation for ψ 0 (s = 2)
0 .
The coefficients ψ 
The harmonic decomposition of ψ ± 0 is then
leading to
The coefficients A − lmω,(up) and A + lmω,(in) can be expressed (formally) as
Hertz potential
To compute the perturbed metric one introduces the Hertz-Debye potential Ψ, which is related to ψ 0 by [38] 
The harmonic decompositions of Ψ and its complex conjugateΨ are given by Ψ = 
and λ CH = E (l,m,2;ξ) + ξ 2 − 2mξ − 2 is the Chandrasekhar constant, implies 
what is needed to compute Ψ.
Metric reconstruction
The radiative (l ≥ 2) perturbed metric (up to parts for which ψ 0 vanishes) is given by h αβ = ρ −4 {n α n β D nn +m αmβ Dmm − n (αmβ) D nm }Ψ + c.c. ,
where D nn = (δ − 3α −β + 5π)(δ − 4α + π) Dmm = (∆ + 5µ − 3γ +γ)(∆ + µ − 4γ) D nm = (δ − 3α +β + 5π +τ )(∆ + µ − 4γ) + (∆ + 5µ −μ − 3γ −γ)(δ − 4α + π) .
On the other hand, the contribution of the non-radiative modes l = 0, 1 comes from the change in mass and angular momentum due to the presence of the orbiting particle of mass µ. The Kerr metric perturbed in mass and angular momentum (in BL coordinates) acquires the following nonzero components (for r > r 0 )
with δM = E = µu t and δJ = L = −µu φ . Finally, one computes the gauge-invariant Detweiler-Sago redshift variable (18) with
